
}4

c)

E .—

NATIONALADVISORYCOMMI’ITEE
FORAERONAUTICS

TECHNICALNOTE 4311

PRANDTL NUMBER EFFECTS ON UNSTIMDY FORCED-

CONVECTION HEAT TRANSFER

By E. M. Sparrow andJ. L. Gregg

Lewis Flight Propulsion Laboratory
Gleveland, Ohio

Washington

June1958

.-, —.:.-

....—..-



b

u

NATIONfiADVTSORYCOMMITTEEFORAERONAUTICS

TECHNICALNOTE4311

PRANDTLNUMBEREFFECTSONUNSTEADYFORCED-

CONVECTIONEEhTTRANSFER

By E.M. SparrowandJ.L. Gregg

SUMMARY

An analysisismadeforlaminarforced-convectionheattransferon
a flatplatewithunsteadysurfacetemperature.Thedeviationof the
instantaneousheat-transferratefromthequasi-steadyvalueis computed.
ResultsareobtainedforPrandtlnunibersintherange0.01to10. The
deviationsfromquasi-steadyheattransferincreasemarkedlywithin-
creasingPrandtlnumber.Thefindingsreportedhereshouldapplyapprox-
imatelyintheentranceregionofductsandshouldalsoprovideanupper
boundon deviationsfromturbulentquasi-steadyheattraasfer.

INTRODUCTION

It isoftennecessaryto computetheforced-convectionheattrans-L ferfroma surfacewhosetemperatureis changingwithtime. Thisyroblem
ismuchsimplifiedwhenitis supposedthattheboundarylayerpasses
througha successionof instantaneoussteadystates.Sucha boundary
layeris calledquasi-steady.Underthisassumption,theheattransfer
is computedby instantaneousapplicationof steady-stateheat-transfer
relations.Thequasi-steadysuppositionisalsoinvokedinheat-transfer
experimentsemployingthetransienttechnique,wheretheinstantaneous
measurementsareusedto detezzdnesteady-statecoefficients.

Inreality,thereisalwaysa differencebetweentheactualinstan-
taneousheattransferandthequasi-steadyvalue.Theextentof the
deviationdependsupontheresponsecharacteristicsof theboundary
layer,aswellas ontherapidityofthechangesin surfacetemperature.

Theaimofthisanalysisisto findthefirst-andsecond-orderde-
viationsoftheactualinstantaneousheattransferfromthequasi-steady
valueandtolearnhowthesedeviationsdependuponthePrandtlnuniber.
Thefinalresultsprovidea rapidandaccuratequantitativemeansfor
determiningwhena givensetof surfacetemperatureandfree-streamve-
locitydataleadto essentiallyquasi-steadyheattransfer.8
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Thesystemchosenforstudyisa flatplatealinedparallel
steadylaminarflowaspicturedinthefollowingsketch:
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ThesurfacetemperatureTw is spatiallyuniformbutispermittedto
takeonarbitrary,butcontinuouslydifferientable,variationswithtime.

!$

Thefree-streamtemperature~ istakentobe constant.Resultsare
givenhereforfluidshavingPrandtlnumbersbetween0.01and10. This
investigationconstitutesan extensionofpreviousworkfor Pr= 0.72
(airandothergases)reportedinreference1. Thoseprimarilyinter-
estedinresultsareinvitedtopassoverthesectiononANALYSIS.

Readersinterestedinnon-quasi-steadyboundarylayersarereferred
totheworkofMooreandOstrach(refs.2 to5),whostudiedtheeffects
associatedwithtimevariationsinfree-streamvelocity.
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SYMBOLS

specificheatat constantpressure

Blasiusvelocityfunction

localheat-transfercoefficient,q/AT

thermalconductivity

free-streamMachnumber

Prandtlnumber,c.&/k=v/a

localheat-transfer

recoveryfactor

statictemperature

rateperunitarea

temperaturedifference;TV - Taw with
TV - T- withoutfrictionalheating

timederivativesofwalltemperature
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time

free-streamvelocity

velocitycomponentinx-direction

velocitycomponentiny-direction

coordinatemeasuringdistancealongplatefromleadingedge

transformedcoordinate,J
‘Lay

o ‘-

coordinatemeasuringdistancenormal

thermaldiffusivity,k/p~

x n d%w/dtn
()

expansionparameters~ ~ - ~m w m

toplate

ratioof specificheats

f
&

Blasiussimilarityvariable,~ m

dhnensionlesstemperature,(T - L)/(Tw - %)

functionsof q

absoluteviscosity

kinematicviscosity

density

time

functionof rI

streamfunction

Subscripts:

aw adiabaticwall

inst instantaneous
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qs quasi-steady

v wall

a free6tream

ANALYSIS

GoverningEquations

Theanalysisbeginswiththeequationsexpressingconservationof
mass,momentum}
a flatplate:

Theboundary

andenergyforunsteadylaminarboundary-layerflowover

(Pc&+u ~+v%)=w$+”w(3)

v
—

u

conditionsappropriatetotheproblemare -. =

u = o

v= o

}

yeo

T= Tw(t)

U+u=

}

y+.9
T+T=

To simplifythetreatment,thevariationoffluidpropertiesin
liquidswillbe neglected,whileforgasesitwillbe supposedthatthe
propertiesmaybe approximatedby PIL= constant,pk= constantj~ =
constant.Fluid-propertyvariationsarenotexpectedtohavea decisive
effecton thefinalresults(whichareexpressedintheformofratios).

Theequationforconservationofmassis satisfiedby a streamfunc-
tion Y definedasfollows(ref.2,eq.(5)):

(la)
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Then,by replacingu and v infavorof T andintroducingthefol-
lowingnewvariables

T - T=
eT=

T? - T-’

equations(2)and

x=x, Y=

(3)maybe rephrasedas

% + %%Y- yx%y=q-yy
e=+e T <

[

d%
1-T “A-%eY=%’eyY+ Tw-T=(%Y)2w=

(5)

(2a)

(3a)

Forbrevity,thederivativeswithrespectto X, Y, and ‘r
denotedby subscripts.Intermsofthenewvariables,the
ditions(4)become

}

‘Y=o

}

Yy+ u=
‘x=OY=O y+-

e+o
el=

havebeen
boundarycon-

{4a)

Sincethetransformationhasremovedallthermaleffectsfromthemomen-
tumequation(2a),itis clearthat YYT= o.

Solutions

As hasalreadybeennoted,theobjectofthisanalysisis to in-
vestigatethedeviationsoftheactualinstantaneousheattransferfrom
thequasi-steadyvalue.Withthisinmind,it isnaturalto seeka solu-
tionforthetemperaturedistributionintheformofa seriesexpansion
aboutthequasi-steadystate.Inreference1, thefollowingquantities
wereintroducedto serveas expansionparametersfortheseriessolution:

().Tw131=#-T
w -&~

Physically,theseparametersrepresenttheratioofthetimerequired
forchangesin surfacetemperatureto diffuseacrosstheboundarylayerl-

%he timerequiredfor
ness A isproportionalto
ness A isproportionalto
portionalto x/U=.

changestodiffuseacrossa layerofthick-

&
A2 a“ whilethethermalboundary-layerthick-
xaU.. Hence,thediffusiontimeispro-
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toa timethatis characteristicoftherapidityofthesurfacetemper-
aturechanges.Thus,the Bn serveasa measureofthepromptnesswith u
whichtheboundarylayerrespondsto impressedvariations”of surface
temperature.

Usingthe ~njtheseriessolutionforthedimensionlesstempera-
ture e iswrittenas

e= cob-i)+ Plel(d+ 132e2(TI)+ . . .+

where q isthewell-knownBlasiussimilarity

l-l
r

.Yy
Z?V

Thefunctionseo and * areassociatedWith

U2

2CP(T;- T-)X7) (7) :c
r

variablegivenby

(8)

the quasi-steadytempera-
turedistribution.Wherithe ~ aresmall(correspondingtoprompt
responseto impressedchanges),thestateisessentiald.yquasi-steady.

ThestreamfunctionY iswrittenin-termsoftheBlasiusvariable
F as

y = ~~ F(v) (9) ●

Whentheexpressionsfor e and Y aresubstitutedbackintoequa- w
tions(2a)and(3a),andaftertermsaregroupedaccordingtowhether
theyaremultipliedbyill,p2~. . .)thefollowingsetof’ordinarydif-
ferentialequationsresults:

eo+ prFe~s o co(o) = L co(m)s o (11)

( )~+PrFei-2F’el-4~o=0 ‘!31(0)= cl(w)= o (12)

( )t?~+PrFO~- w’e2 - 401 = 0 e2(o)= e2(4s o (235

[@“+PrT@’+~ 12(F”)2=o *(O)=*(*)=o (14]

A solution ofequation(10)wasfirstobtainedby Blasiusin1908,
butitwasnecessarytore-solvethisequationto greateraccuracyfor
presentpurposes.Numericalsolutionstoequations(1.1),(12),and(13) ,
havebeencarriedoutaspartofthisinvestigationonan IBM650
MagneticDrumData-ProcessingMachineforPrandtlnumbersof 0.01,0.72,
1.0,and10. Thefunction@ isassociatedwiththeaerodynamicheating. .
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Forlaminarconditions,thiseffectofviscousdissipationisusuallyof
* importanceonlyforhigh-speedgasflows.Solutionsoftheaerodynamic-

heatingproblemforthe~andtlnumberrangeofgasesareavailablein
theliterature(e.g.,ref.6).

Thesenumericalresultswillbe utilizedintheheat-transfercal-
culationsthatfollow.

HEAT-msFER Rlmmrs
Theinstantaneouslocalheatfluxattheplatesurfaceqinstmay

be calculatedby applyingFouriertslaw:

q=-
( )-%ro

Afterintroducingtheseriesexpansionof (7)andtakingaccountofthe
transformedvariablesof equations(5)and(8),theewressionfor..q
becomes

qinst=-~@Tw-T-)i’’(0)+’l’JO’+’’eJ“““+
~:

2%(TW - T
d

@(o)

(15)

where 6A(O),e:(o),. . .areabbreviationsfor(deo/dq)Wo,. . . .

Forliquids,theeffectsofaerodynamicheatingwillbe neglected,
andconsequentlythelasttermontherightsideof theequationisomit-
ted. Forgases,itis convenientto introducetheadiabaticwalltem-
peratureTaw by therelation

T ., ,+ R+.L’?]=++R-)aw =
[

whereR, therecoveryfactor,hasbeengiveninreference1 as

-+
R= - *’0

8; o

(16)

(16a)



8 NACATN4311
.

Makinguseof equations(16a],(16),and(6),itis easyto showthat
thefinalexpressionfor qinsthasthesameformforliquidsandfor
gases,namely,

where

(17)

!
AT= Tw-Taw forgases

AT= TW-T. forliquids

Thequasi-steadyheattransferqqs isgivenby

ck ‘=qqs=-z #T 8&(0) (18)

Theimportantrelationbetweentheinstantaneousandthequasi-
steadyheattransferisthenfoundby conibiningequations(17)and(18):

Thequantitiese~(,)~ei(0),and Q;(O)havebeenfoundaspartofthe
solutionof equations(11),(12),and(13)andarelistedintableI.
Forconvenience,theratiosei(0)/e&(0)and e~(@/e&(0)areplottedin
figure1 asa functionofPrandtlnumber.Itis seenfromequation(19)
thatthedeviationsfromquasi-steadyheattransferdependdirectlyon
themagnitudesoftheseratios.Figure1 showsthatbothratiosin-
creasemarkedlywithPrandtlnumber,demonstrating,forexample,that
liquidmetals(Pr= 0.01)arelesslikelyto experiencedeviationsfrom
quasi-steadyheattransferthaniswater(Pr= 5). Thistrendmighthave
beenintuitivelyexpectedonphysicalgroundsasa consequenceofthe
relativelyhighthermaldiffusivityof liquidmetals.

..

As alternativeformoftheresultsmaybe obtainedby introducing
heat-transfercoefficientsasfollows:

(20)
—

.
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Then,equation

9

(19)maybe rephrasedas

Equation(21)is ina formusefulforinterpretationofheat-transfer
coefficientsobtainedundertransientconditions.

To furtherfacilitatecalculations,a plotofthequasi-steadyheat-
transferrelation(eq,(18))ispresentedinfigure2.

CriterionforQuasi-SteadyHeatTransfer

Fromtheseriesnatureofthesolution,it isexpectedthatequa-
tion(19)wouldbemostaccurateforsmalJdeviationsof qinst-qqsfrom
unity.Thissuggeststhatthisequatio,ncanserveasan accurateand
rapidmeansforcheckingwhethera givensituationmaybe treatedas
quasi-steady.Whenthefree-streamvelocityandsurfacetemperaturedata
ofa particularsituationleadto qinst/~s=1, thenthatsituationcan
be takenas quasi-steadyforheat-transferpurposes.

Ina greatmanyforced-convectionapplications,thequotientx/u-
(inseconds)willbea smallnumber.As a consequence,thesecondterm
inthebracketsof equation(19)willoftenbe verysmallcomparedwith
thefirstterm.Underthesecircumstances,it ispossibleto establish
a simplecriterionfordeterminingwhenheattransferfroma surfacewith
time-dependenttemperaturecanbe computedwithsufficientaccuracyfrom
quasi-steadyrelations.Supposethatitisdecidedthatan accuracyof
5 percentis sufficientformanyapplications.Then,theuppercurveof
figure3 distinguishestheconditionsunderwhichdeviationsfromthe
quasi-steadystatemaybe ignoredinthecomputationof localheattrans-
fer. Alternatively,ifanaccuracyof 2 percentisrequired,thelower
curveoffigure3 givestheconditionsunderwhichquasi-steadyrelations
areadequate.As a simpleexample,supposethatwater(Pr= 5) isflow-
ingat 50 feetpersecondovera flatplate.If ~-T==lOOoFad
x= 1 foot,thenthedeparturesfromthequasi-steadystatewillhave
negligibleeffect(<2percent)onthelocalheattransferwhentherate
of changeof surfacetemperaturedoesnotexceed23°
x = 1 foot.

CONCLUDING~

Althoughtheanalysisgivenhereisforlaminar
plate,thefindingsmayhavea tiderutility.Since

F persecondat

flowovera flat
theresponseof a
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.
turbulentflowshouldbe morerapidthanthatoflaminarflow,thepres-
entresultsshouldgiveanupperboundonthedeviationsfromturbulent “’ —

quasi-steadyheattransfer.Further,itis“expectedthattheresults ‘w
reportedherewillapplyapproximatelyintheentranceregionofducts.

Itisfeltthatthefinalresultsshouldnotbe stronglysensitive
tofluid-propertyvariations,althoughcautionshouldbe exercisedwhen
fluidswithunusualpropertyvariationsareinvolved(e.g.,near the
criticalpoint].
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TABLE1. - FUNCTIONSNEEDEDINKEAT-

TRANSFERCOMPUTATIONS

Pr e~(o) 8i(0) e;(o) e~(o) e;(o)

~ ~

0.01 -0.1032-0.11690.020341.133 -0.1971

.72 -.5913-1.416 .4739 2.395 -.8015

1.0 -.6641-1.751 .6453 2.637 -.9717

LO -1.456 -7.993 6.140 5.489 -4.216
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